We performed a linearized stability analysis and preliminary simulations of passive phasing in a CW operating ringgeometry fiber laser array coupled in an external cavity with a single-mode feedback fiber that functions as spatial filter. A two-element array with path length error is predicted to have a dynamically stable stationary operating state at the computed operating wavelength.
INTRODUCTION
Fiber lasers' possess high transverse power confinement and typically long propagation lengths, which causes the output power of a singletransverse mode fiber to be limited by stimulated Brillouin or Raman scattering2. A solution to achieving higher power is consequently sought in combining the output of a number of relatively lowpower fiber lasers or amplifiers3'4. Existing beamcombining techniques have been classified into coherent, or phased array, and incoherent, or spectral, techniques5. An excellent tutorial of basic principles of beam combining is presented in6. The work presented here is a study of the dynamics of a passive phasing system (as opposed to active7), of which many techniques have been developed8 '5. Two detailed previous dynamical studies of phased arrays have been published, a Rigrod-based analysis of a bi-directional system (similar to that of Ref. description of each laser field'7. An important feature of our model is the key role played by resonator modes in both the static and dynamic field descriptions, so that this treatment abides by conventional laser theory. We include temporal derivative terms of the ytterbium ion population and the laser field as needed in order to describe relaxation oscillations, although not of the highest order that may be observed in the system under study.
Specifically, the following is an extension of an analysis of an ytterbium-doped, passively phased, fiber laser array'8 that was investigated in recent experiments'9. A diagram of the system is shown in Fig.! , which shows a ringgeometry N -element fiber-amplifier array, of which part of the clockwise-circulating output is re-coupled to the array input by means of a single-mode fiber (SMF). The output facets of the array are anti-reflection (AR) coated and optical isolators are implemented to prevent propagation in the counter-clockwise direction. The amplifiers are pumped in the co-propagating direction with the signal. More experimental details can be found in Ref. 19 . Our methodology follows conventional linearized stability analysis of C.W. operation states above the laser threshold. The objective is primarily to find (at least partial) answers to two basic questions: (I) Do the nonlinear set of equations, in fields that are subject to a set of boundary conditions, possess stationary (i.e. time-independent) solutions? And (2) are those solutions dynamically stable in the sense defined here?
MATHEMATICAL DESCRIPTION OF THE SYSTEM

Basic equations
The adopted mathematical model is simple enough to permit at least partial analytical solution, as useful to help anchor later computer simulations, while we keep essential physics. The gain medium in the core of the nh fiber amplifier is assumed to satisfy the following rate equations2°a N2(z,t) = R(z,t)+ (caN 1(z,t) eN 7(z,t)) I(z,t) N2(z,t) , N1(z,t)+ N2(z,t) = N0
(1) where I,1(z,t) is the intensity of the signal field, NJ,?(z,t) and N2,,(z,t) represent the populations of the lower and upper manifolds, a0 and a are respectively the effective absorption and emission cross sections, is the laser photon energy, r is the mean lifetime of the upper manifold, and R (z, t) represents the transition rate due to pumping. For present purposes we neglect fluctuations in the pump fields, and thus omit the time-dependence of R (z, t).
Writing the full unidirectional complex laser fields as E(z,t) = E(z,t)e1 zc01) (0 z La), where k0 = n(w0 )w0 I c is the wave vector at the central frequency w0, and n(w0) is the spatially averaged refractive index. The slowly-varying signal field amplitudes satisfy the following wave equation
where /3 = I / Vg is the inverse of the signal group velocity, g = a (coo )N2 -a0 (a )N1 20 is the gain per unit length at the frequency (iJ, g' and g" represent its derivatives with respect to the frequency, and the other two terms represent the Kerr and resonant nonlinear index terms, where J = an(co0 )/aN2. The last term is related to the gain by Kramers-
The fields must in addition satisfy a boundary condition due to their coherent coupling in the external cavity: 
where Urn and 5m represent the coupling amplitude and associated delay of the mth array element to the SMF, and V, and t,, represent the coupling and associated delay of the SMF back to the th element. The delay due to propagation in the SMF is assumed included as an additive constant in either 5m or t,,, likewise the out-coupling loss and attenuation or pre-amplification in the feedback loop are included as a common multiplicative constant in Urn or V,,.
Using the property that the fields propagate through the array without coupling, together with Eq.(4), it is deduced that all but one of the cavity eigenvalues are zero.
Steady state conditions and solutions
We assume that above threshold Eqs. ( 1 )- (3) possess a non-trivial time-independent solution for a given set of fixed wavelength and pump power. Trivial solutions include the zero-field solution (since spontaneous emission terms are omitted), and possible solutions that correspond to eigenvectors of the matrix K,,,,, of zero eigenvalue. The latter exist as consequence of the property expressed in Eq.(4) (corresponding to transverse modes possessing total coupling loss). Whether or not such a stationary state can be experimentally observed depends on its dynamical stability, which is the question that will be addressed below. A key feature is that the operating laser frequency co9 is a free parameter, which the system self-selects through the mode competition phenomenon: The longitudinal mode that "wins" the competition is expected to be the one with the largest value of the gain-loss difference. In the present system this should be the mode that possesses the least loss at the SMF input, which also yields the largest on-axis field intensity at that location (or Strehi ratio)22'9'23"8.
In steady-state, the boundary equations reduce to two sets of conditions expressed in terms of the quantities We solved the time-independent version of Eqs.(l)- (3), including an equation describing a co-propagating pump, by an iterative procedure, which in most cases converged quickly to a quasi fixed point final state except for a common phase error. This was corrected by bringing the cavity into resonance by adjustment of each fiber length by less than a wavelength. There were two exceptions, however; a trivial case occurred when the product of feedback level and fully saturated single-pass gain exceed unity, which obviously leads to an unlimited intensity growth instability. The other, which is more pertinent, was predicted (so far only) for unrealistically short fibers. It typically converged to a periodic flip-flopping activity between two states in mutual proximity-a periodic final state of period 2, thus. For now we have not much insight into the latter situation, and we do not know if the mentioned behavior reflects the absence of a stationary state or only our failure to discover it by the described method.
Strictly speaking, mm must be interpreted as a phase delay when used in the complex exponential phase factor (optical phase), and as group-delay in the slowly varying field envelopes.
In Fig.2a we plotted the total output power of a 2-element array as function of the wavelength, assuming constant pump injection at z = 0. The pump levels are assumed identical for the two fibers, as are other parameters except their lengths, which are lOm and 9.99m. The reference wavelength is A0 = 1080 nm, the values of other parameters are listed in Table I . The oscillations, of period A02 / n0 I L1 -L2 , are due to periodic resonances of the coupled cavities, called the Vernier effect24'25, with the peaks in power corresponding to the resonances. In Fig. 2b the phase error (standard deviation) is plotted, which has dips exactly at the peaks of Fig.2a , indicating an in-phase state at those points, and also at the power dips between the peaks. The spikes in Fig.2b indicate sudden appearances of the anti-phase mode. 
First-order perturbation development
We define small perturbations in the populations and signal intensities and phases, by N2 (z,t) =N2 (z) + ,2n (z,t), I, (z,t) = I (z)(J + m (z)), c/i,, (z,t) = '13.,, (z) + (p,, (z,t) . The approach that follows lends itself very well also to the treatment of other fluctuations, such as in the pump fields, temperature, mechanical vibrations, etc., but these are not considered in this paper.
Using Eqs.(l)- (3), we find that to Pt order the perturbations satisf,' the following equations: Note that coupling between amplitude and phase fluctuations occurs through the coefficients Snm, which we expect to be small at the operating (minimum loss) wavelength. Assuming time-dependence of the form 11(z,t) = !1(z)exp (t and the boundary conditions (7) reduce to the following expressions:
The solutions of Eqs. (8), (9) will be referred to as fluctuation modes, or just "modes" if confusion with the normal resonator modes is unlikely.
Free relaxation oscillations
The solution of Eqs.(8a-c) yields the amplifier outputs at z = L in terms of the inputs at z = 0 in the form (IOa,b) where the coefficients G,7(c), i,j = 1,2, are determined by solution of Eqs. Z()°1 =0, (11) where Z() is a 2N x 2N matrix that is useful to express in terms of four N>< N sub-matrices Z' (4) as
i (0) The stationary state solution is defined to be stable if all solutions of(4) satisfy Re 0. It may be shown that = 0 is always a solution, with eigenvector{0,...,0,1,...,1} , which is related to the invariance property of the system under the phase transformation cb, (z) cIi, (z) + C It is possible to make some observations based on Eq.(12) without explicit evaluation of the matrices Z" ().
First, we note that G () is of order fl , and thus should be small except for very large . Since at the operating wavelength Snm is anticipated to be small as well, we deduce that 0, and Z() is approximately of the form
(1 ) and (12) yield then Z()i(0)0
The non-trivial solution of(16a), satisfying i(0) 0, requires det Z" () 0, which will be referred to as 'group A' fluctuation modes,
With ç(0) given in terms of i(0) by Eq.(16b), so that the "modes" in this group are of mixed intensity-phase character.
Eq.(16a) has also the solution i(0) = 0, in which case (16b) gives Z22()(0) 0, which requires detZ22() 0, which will be referred to as 'group B' fluctuation modes.
These are mainly fluctuations in the phases. We note that this characterization is essentially heuristic and depends on the degree that all N2 of the Z(4) are small in applications. We next turn to the evaluation of the coefficients G(ç).
SOLUTION OF PERTURBATION EQUATIONS
Approximate solution for the coefficients G()
If we neglect terms containing the constants /3', g', and g", the remainder should still accurately describe relaxation oscillations at frequencies up to a fair fraction of the gain bandwidth, which is adequate for present purposes. If we also neglect the very small nonlinear phase terms, then Eqs.(8b,c) become
g (z) In ( 
corresponding respectively to the group "A" modes, which are here pure intensity fluctuations under this approximation, and the group "B" modes, which are pure phase fluctuations. The latter yield the un-damped eigenvalues = 1(01 where i is the imaginary unit, and denotes the frequencies:
2J j=0,±l,±2.....
R These would be the usual ring-cavity resonance frequencies, were it not that TR represents the group delay instead of the phase delay. The normal frequencies of the intensity fluctuations are obtained from the solution of Eq.(22a). The solution for the corresponding relaxation oscillation frequencies approximately satisfies Eq. (24), but also contains a small imaginary part, the sign of which is determined by the following observation: Inspection of (22a) reveals that in the presence of gain (loss) the left-hand side is smaller (greater) than unity, so that it follows that the real part of all solutions for must be negative (positive), and the stationary state is then stable (unstable). The validity of this result is subject to the assumptions of the model, including that a non-vanishing steady state exists. In the unlikely case that the feedback level exceeds unity (due to the insertion of an amplifier in the feedback loop), i.e. K > I, then the relation GK 1 requires that the net gain satisfies G < I, and according to the above result no stable stationary operating state is possible. This conclusion is physically interpreted by the observation that all or part of the laser medium functions as saturable absorber, which favors a pulsed operation mode. We note also that the magnitude of the real part of approaches zero as the order j increases, which is consistent with the observation based on Eq.(8a) that the relaxation oscillations decouple from the medium as their frequency increases.
In order to confirm the stability prediction according to Eq.(23a) for a single fiber, visualized in Fig.3a , we again solved the time-independent version of Eqs.(l)- (3) under neglect of 13', g', and g" plus a co-propagating pump equation by fix point iteration. In contrast to the computations of Section 2.2, the fiber length was always exactly 0 e I where TR = /3L + r11 is the cavity round-trip propagation (group delay) time. Eq.( 14) yields then two "solutions":
11(L1)/ 'sat
These were substituted into Eqs. ( 13), along with the coefficients Cnm , in which the stationary functions were obtained by numerical solution of Eqs.(l) - (3) . We note that although the latter coefficients are independent of 4 , they are sensitively dependent on path lengths and wavelength and even a computational error (due to discretization or roundoff) can easily lead to sufficient violation of Eqs. (5) to cause major errors in the computed eigenvalues. In order to minimize such effects, we used Eqs. (5) to express one of the parameter in each expression in terms of the others, so that these equations were accurately satisfied as consequence. The results for N 1 and N = 2 arrays are reported next.
3.1.1. Application to a single-element array For a single element, Eqs. (5) reduce to cli = 1, S11 = 0, (21) from which the power (or intensity) and frequency of the laser field may be obtained. Specifically, these yield the expression GK = I , where G (gain) equals the ratio 1(L) / 1(0), and K K11 2 Note that G <1 corresponds to net loss. Using Eqs. (20) and (21) in (13), we obtain an explicit expression for the matrix Z():
Lir=l0.Om. The criterion I (L1) E1m (Li) 1< 10_b was evaluated between iterations (indexed m) to determine the convergence of the laser field signal. Without cavity length adjustment (cf. Section 2.2) convergence is only obtained in the stable zero field region. The utilization of a bisection method in K11 allowed us to numerically determine the stable zero field limit to machine accuracy for given pumping, and by additionally varying the pump injection value at z0, a comprehensive stability diagram was obtained, cf. Fig.3b . The excellent quantitative agreement between Figs.3aIb confirms applicability and correctness of the given first-order perturbation analysis. Note that in Fig.3b , the pump injection value decreases continuously as grows and is negative for ,c>l.24. We next consider the stability of arrays with two elements. In the case that the fibers are precisely identical the results will be the same as those for a single element, including that Eqs.(23) are satisfied, however the case of interest is just that when they are non-identical.
The steady-state conditions are now: C11 +C12 = 1, C21 +C22 = I, S11 +S12 = 0, S21 +522 = 0, (25) stating four conditions that determine the power of each amplifier, the phase difference of the fields, and the operating frequency. The matrix Z() has the form Re() Figs.4a-c show calculated values of the first 500 eigenvalues for the 2-element array modeled in Section 2.2. In Fig.4a all group B perturbation eigenvalues are located to the right of the origin, demonstrating that they are unstable.
These modes have the form {a, a,b,b}, in the notation of Section 2.4, where a <<b. Note that modes of form {a, a! a,b,b' b} have infinite round-trip loss, as consequence of the property expressed by Eq.(4)15. This shows that the instabilities will tend to preserve the phasing condition, a feature that has been observed.26 In Fig. 4b , which is at a wavelength nearer to the peak in output power, only a narrow band of low-order modes are observed to be dynamically unstable, and in Fig.4c , for which the wavelength falls within about 0.04 pm of the peak, the complex eigenvalues of all modes are located to the left of the origin (except for the lowest order that is exactly at the origin). This state is therefore predicted to be stable, subject to the described limitations. Note that the above prediction is only for an N = 2 array; results for N > 2 will be given in the future.
CONCLUSION
In this paper we developed a model for a spatially-filtering ring cavity phased fiber laser array, starting from a realistic set of equations capable of describing all nonlinear effects and high-order relaxation oscillations. However, in order to overcome issues of numerical accuracy in performing a dynamical stability analysis, we omitted the small nonlinear phase terms in the field wave equation and the terms in the time derivatives of the field beyond those of the first order. This yielded a complete dynamical stability characterization of a single-element system. For a two-element array having unequal lengths this model yielded the compelling result that the state corresponding to the predicted laser operating point is (perhaps unconditionally?) stable. Results for larger arrays will be reported in a future paper. 
